Abstract. In [11] , Lau, Rao and one of the authors completely classified the topological structure of self-similar sets F defined by F = (F + D)/n, where D ⊂ {0, 1, . . . , n − 1} 2 , n ≥ 2. They call the F fractal squares. In this paper, we further provide several simple criteria for the F to be totally disconnected, as this kind of Cantor-type sets plays an important role in the theory. Moreover, we mainly discuss the Lipschitz classification of fractal squares in the case of n = 3 by using a technique of Gromov hyperbolic graph.
Introduction
For n ≥ 2, let D = {d 1 , . . . , d m } {0, 1, . . . , n − 1} 2 be a digit set with cardinality #D = m, and let {f i } m i=1 where f i (x) = 1 n (x + d i ) be an iterated function system (IFS). Then there exists a unique self-similar set F ⊂ R 2 [3] satisfying the set equation:
which is called a fractal square. The geometric construction of a fractal square seems like that of middle third Cantor set: First we divide a unit square into n 2 small equal squares of which m small squares are kept and the rest discarded, the positions of the m chosen squares depend on the digit set D; Secondly, repeat the first step on every chosen square and continue in this way, we then obtain a fractal square by taking limits. Obviously, given integers n and m, the fractal square F only relies on the digit set D, i.e., the relevant positions of the m small squares.
In [11] , Lau, Rao and one of the authors gave a detailed study on the topological structure of F , they completely classified the topology of F by three types: (I) F is totally disconnected; (II) F contains a non-trivial component which is not a line segment; and (III) All non-trivial components of F are parallel line segments.
Let F n,m denote the collection of all fractal squares satisfying (1.1) with #D = m. It is easy to see that the fractal squares in F n,m have the common Hausdorff dimension log m/ log n, but have distinct topological structures. In the above three types, the fractal squares of type (I) are called Cantor-type sets which play an important role in fractal geometry and dynamical systems, so we will give a further study on this case. Especially, we provide a criterion for the existence of type (I) in F n,m . ].
Two compact sets E and F on R d are said to be Lipschitz equivalent, and denoted by E F , if there is a bi-Lipschitz map g from E onto F , i.e., g is a bijection and there is a constant C > 0 such that
It is well-known that if E F then they have the same Hausdorff dimension, but the converse is always not true. Lipshcitz classification of sets has attracted a lot of interests in geometry, topology and analysis. In fractal geometry, the fundamental works were due to Cooper and Pignartaro [1] and Falconer and Marsh [4] on Cantor sets. Recently, various generalizations on totally disconnected self-similar sets (Cantor-type sets) have been extensively studied (see [2] , [10] , [13] , [14] , [15] , [18] , [19] , [20] ). But there are few results on non-totally disconnected self-similar sets. In particular, in the two continuous papers [10] and [2] , the authors systematically investigated the Lipschitz equivalence of self-similar sets by applying the Gromov hyperbolic graph theory (see Section 3 for details). This new method may be used to solve the Lipschitz equivalent problem of non-totally disconnected sets under certain circumstances. Motivated by that, our second aim of the paper is to make an attempt in this direction.
For F ∈ F n,m , the Lipschitz equivalence class is denoted by [F ] = {F ∈ F n,m : F F }. The quotient of F n,m by is written as F n,m / . By applying the Gromov hyperbolic graph approach, we classify the fractal squares of F n,m for n = 3, m = 2, 3, 4, 5 as the following.
The paper is organized as follows: In Section 2, we discuss several criteria for total disconnectedness and prove Theorem 1.1; We prove Theorem 1.2 in Section 3, and give some remarks on other cases; Finally, we depict all the graphs of fractal squares in F 3,5 , F 3,6 , F 3,7 and F 3,8 as an appendix.
Criteria for total disconnectedness
to be the set of edges for the set D. We say that d i and d j are E-connected if there exists a finite sequence {d
The following criterion for connectedness was due to [8] (or [6] ).
Lemma 2.1. A fractal square F with a digit set D is connected if and only if any
is a collection of k-squares, which is a decreasing sequence on k and satisfies
We call F (k) a k-th approximation of the fractal square F . Lemma 2.1 has an important corollary. Lemma 2.2. A fractal square F is connected if and only if the k-th approximation F (k) is connected for any k ≥ 1.
In [9] , we provided a necessary and sufficient condition for more general self-similar sets to be totally disconnected from the Gromov hyperbolic graph structure. We restate the consequence in the present setting as follows. However, this condition is not easy to check in practice. In the following, we shall introduce some other useful and handy criteria for the fractal squares to be totally disconnected. First let us define four kinds of paths lying in the unit square B.
Definition 2.4. A vertical path is a curve starting at point (x, 0) and ending at point (x, 1) for some x ∈ [0, 1]; a horizontal path is a curve starting at point (0, y) and ending at point (1, y) for some y ∈ [0, 1]; a cross path is the union of one vertical path and one horizontal path.
Obviously, a vertical path and a horizontal path will meet each other, so a cross path is also connected and reaches four points of the four sides of the unit square (i.e., (x, 0), (x, 1), (0, y) and (1, y)). A λ-path is a degenerate cross path which only reaches three corner points of the unit square. Intuitively, the shape of the λ-path looks like the letter "λ" or its rotations. (see Figure 1 ) 
; similarly for the cross path (see Figure 2 ).
Figure 2. Paths covered by squares
The main use of the vertical (cross) path is to verify the total disconnectedness of F , the following theorem is quite convenient for many cases in our consideration. Note that F contains a vertical (horizontal) line segment if and only if F (1) does. Proof. If F is totally disconnected, then the necessity is obvious since B \ F is open and connected, and pathwise connected. It suffices to show the sufficiency part. For any connected component C of F , denote by Proj x C the orthogonal projection of C on the x-axis, then it is connected due to the continuity of the projection mapping.
We claim that the length |Proj x C| = 0. Indeed, if otherwise, then |Proj x C| > 0.
Choose an integer large enough such that
hold for some i ∈ {0, 1, . . . , n k − 3}. Proceeding the iteration on the chosen ksquares by more k times again, then it will generate a vertical path in [
which will separate the component C into disjoint nonempty pieces. That is a contradiction. Thus, the component C must lie in one vertical line segment of the form {x} × [0, 1] for some x ∈ [0, 1]. By the assumption, C is not a vertical line segment, then the only possibility is that C is just a singleton. Therefore, the total disconnectedness follows.
By using the similar argument of Theorem 2.5, we have the following consequence which was also mentioned by [16] . Theorem 2.6. A fractal square F is totally disconnected if and only B \ F has a cross path.
Recall that F n,m denotes the collection of all fractal squares satisfying (1.1) with #D = m. Now we obtain the main result of this section based on the previous considerations.
Theorem 2.7. F n,m contains a totally disconnected fractal square if and only if
] elements. Then we construct a fractal square F = 1 n (F + D) belonging to F n,m . Since the set D 1 determines a λ-path in B \ F (2) , also in B \ F , it concludes that F is totally disconnected by Theorem 2.6.
Conversely, suppose F ∈ F n,m is totally disconnected. By Theorem 2.6, there exists a cross path γ in B \ F . Then the γ will be covered by several k-squares of B \ F (k) (as Figure 2 ) for some k ≥ 1. From the definition, if γ is a normal cross path, then there are at least (2n k − 1) k-squares covering γ; if γ is a degenerate cross path, i.e., γ is a λ-path, then the number of k-squares covering γ is at least 3 2 n k when n is even, or
when n is odd. Hence the minimal number of the removed small squares in the first approximation of F (= n 2 − m) is at least (
] completing the theorem.
Classification of fractal squares when n = 3
Let F be a self-similar set generated by an iterated function system (IFS) of contractive similitudes {f j } m j=1 on R d with equal contraction ratio. Let X = ∞ k=0 Σ k , Σ = {1, . . . , m} be the symbolic space representing the IFS (by convention, Σ 0 = ∅). For
be the set of (vertical) edges from the canonical tree structure of X with ∅ as a root. We define the horizontal edges on X by
where
is called an augmented tree induced by the IFS. The concept of augmented tree was introduced by Kaimanovich [7] and developed by Lau and Wang [12] , Wang [17] , Luo and Lau [10] and Deng, Lau and Luo [2] . It was proved that the augmented tree X is a Gromov hyperbolic graph under the open set condition (or weak separation condition), and its hyperbolic boundary ∂X (under some hyperbolic metric) can be identified with the self-similar set K homeomorphically. In particular, in the two continuous papers [10] and [2] , the authors systematically studied the Lipschitz equivalence of self-similar augmented trees and self-similar sets by the Gromov hyperbolic graph theory. The new method for solving Lipschitz equivalent problems is quite different from the known ones in the literature (e.g. [4] , [13] , [14] , [15] , [18] , [19] , [20] ). In some particular situations, we have Corollary 3.2. Under the same assumption of the above theorem, if the two augmented trees are isomorphic under the classical graph distance, then F F .
For fractal squares or fractal cubes in higher dimensional spaces, there is a wellunderstood result. [18] ). Let F, F ∈ F n,m be two fractal squares (then they have the common Hausdorff dimension log m/ log n), if they are totally disconnected then they are Lipschitz equivalent.
However, if the two fractal squares are non-totally disconnected, the knowledge is still very limited. In this section, we try to classify the Lipschitz equivalence classes of F n,m for n = 3, m = 2, 3, 4, 5 by using Theorem 3.1 to investigate the non-totally disconnected cases.
For convenience, we use an n × n matrix M = (m ij ) 1≤i,j≤n to represent a fractal square F where
We call M the associated matrix of F . It is easy to see that there is a one-to-one correspondence between F and M . The geometric meaning of M is: if we divide the unit square B into n 2 small squares and pick out m small squares (depending on the digit set D) as our first approximation of F , then the nonzero entries of the associated matrix represent the relevant positions of the m chosen small squares while the zero entries represent the relevant positions of the n 2 − m unchosen small squares. So we prefer to use the associated matrix to depict the fractal square for simplicity.
Geometrically, two sets are called congruent if one can be transformed into the other by an isometry (i.e., a combination of rigid motions, namely translations, rotations and reflections). By (2.1), it is seen that two fractal squares are congruent if and only if their first approximations are congruent, which can be immediately observed from the structures of associated matrices. Proof. Since log 2/ log 3 < 1, all the fractal squares in F 3,2 are totally disconnected [3] . Hence #(F 3,2 / ) = 1 by Lemma 3.3.
In F 3,3 , every fractal square is either totally disconnected or connected (a line segment). Hence #(F 3,3 / ) = 2.
By Theorem 2.7, F 3,4 contains totally disconnected fractal squares, and they are Lipschitz equivalent by Lemma 3.3. Moreover, it can be easily checked that, up to congruence, there are only 6 kinds of non-totally disconnected fractal squares in By defining the horizontal edges as in (3.1), we can construct the corresponding augmented trees of the above cases, and it is not hard to verify that all the augmented trees have the same structure under the graph isomorphism (see Figure 3) . Hence all the non-totally disconnected fractal squares of F 3,4 are Lipschitz equivalent by Corollary 3.2. Therefore, it concludes that #(F 3,4 / ) = 2.
In F 3,5 , the total number of fractal squares is C By the criteria in the last section, especially Theorem 2.5, fractal squares of type (I) are indeed totally disconnected. Hence Lemma 3.6. F 7 is a connected set which equals a closure of a union of infinitely countable square frames, and F 8 is a connected set which equals a closure of a union of infinitely countable parallelogram frames.
Proof. The connectedness can be obtained easily by Lemma 2. Figure 4) , and by induction, we can get for any n ≥ 1
On the other hand, for any x ∈ F 7 , there exists a sequence {d
3 n−1 ). Hence
We complete the proof by proceeding similarly for F 8 .
A nonempty compact set T ⊂ R 2 is called a tree-like set if for any two distinct points x, y ∈ T, there is a unique path (or curve) in T connecting them.
(a) (b) (c) Figure 5 . Fractal square F 6
Theorem 3.7. F 6 and F 7 are not homeomorphic, hence are not Lipschitz equivalent.
Proof. Lemma 3.6 implies that F 7 is not a tree-like set, hence it suffices to show that F 6 is a tree-like set.
Since the set J∈Σ k B J is connected for any k ≥ 1, by Lemma 2.2, F 6 is connected and also pathwise connected [6] . Thus for any two distinct x, y ∈ F 6 , there is a path π(x, y) in F 6 connecting them. Next we show F 6 is a tree-like set by proving the uniqueness of the path π(x, y).
From the iterating process, it is known that if B I ∩ B J is singleton then
is also a line segment with length Figure 5) . Define
forms a tree by the argument above.
Assume π (x, y) is a path different from π(x, y). Then there exists a point z 0 ∈ π (x, y)\{x, y} such that inf{|z − z 0 | : z ∈ π(x, y)\{x, y}} > 0.
We denote the infimum above by 0 . Since x, y ∈ F 6 ⊂ J∈Σ k B J and they are distinct, there is a large enough k 0 ≥ log 3 √ 2 0 + 1 such that, for any k ≥ k 0 , there exist I, J ∈ Σ k and B I ∩ B J = ∅, and x ∈ B I , y ∈ B J . By the tree structure of (D k , E k ), we can find a unique finite sequence J 1 , . . . , J satisfying I = J 1 , J = J
and (J
That contradicts |z 0 − z 1 | ≥ 0 . Therefore the uniqueness holds.
Let E be a nonempty connected set. We say a point a ∈ E is a k-branch point if E \ {a} consists of k connected components. The following lemma is obvious.
Lemma 3.8. Suppose that x is a k-branch point in E, then E \ U has at least k connected components provided that U contains x and the diameter U is small enough.
Proof. Let E 1 , E 2 , . . . , E k be the connected components of E \ {x}. Let δ be the minimum of the diameters diam(
is not empty and contributes at least one connected component to E \ U .
If F j ∈ F n,m , then for any point x ∈ F j , we have
We call i 1 i 2 · · · a coding of x, and (
Lemma 3.9. Let fractal square F 6 be as in Figure 5 , and The symbols 1, 2, . . . , 5 of (a) illustrate the IFS {f i } 5 i=1 of F 6 . Suppose x belongs to F 6 . Then (i) If the coding of x is unique and contains finitely many symbols 2, 4, then x is a 1-branch point.
(ii) Suppose the coding of x is unique and contains infinitely many symbols 2, 4. If the coding is not eventually 2, then x is a 2-branch point; otherwise x is a 3-branch point.
(iii) If x has more than one coding, then x is either a 2-branch or 4-branch point.
Proof. (i) Clearly if the coding of x does not contains the symbols 2, 4, then x is a 1-branch point, namely, x is a top of F 6 (see Figure 5) . Indeed, we can show by induction that if we delete the cylinder (F 6 ) i 1 ···i k from F 6 , then the resulting set is still connected. Hence x is a 1-branch point by Lemma 3.8. Now suppose that i 1 i 2 · · · does contains symbols 2, 4, say i k is the last symbol in 2, 4 and i j belongs to {1, 3, 5} for all j > k. Then x is a top of the set (F 6 ) i 1 ···i k . If x is not a top of F 6 , then x must belong to another cylinder set, which means x has more than one coding.
(ii) Suppose i 1 i 2 · · · contains infinitely many symbols 2, 4, and it is not eventually 2. This means 4 will appear infinitely many times.
of two connected components and U does not intersect other cylinder sets of F 6 , we conclude that F 6 \ U has only two connected components. Therefore x is a 2-branch point. Now suppose that i 1 i 2 · · · is eventually 2. Suppose i k = 2 for all k ≥ k 0 . Delete (F 6 ) i 1 ···i k 0 but keep the three vertices, the resulting set consists of three connected components. Hence x is a 3-branch point.
(iii) Now suppose x has more than one coding. If x does not have a coding of eventually 2, then x must be the common top of two cylinder sets and it is a 2-branch point.
If x has a coding of eventually 2, say i 1 · · · i k 2 ∞ . If we delete x, then (F 6 ) i 1 ···i k is partitioned into three pieces. The other part of F 6 either connects to the top vertex of (F 6 ) i 1 ···i k , or connects to x. Hence x is a 4-branch point. Lemma 3.10. Let fractal square F 9 be as in Figure 6 , and The symbols 1, 2, . . . , 5 of (a) illustrate the IFS of F 9 . Suppose x belongs to F 9 . Then (i) If the coding of x is unique and contains finitely many symbols 5, then x is a 1-branch point.
(ii) If the coding of x is unique and contains infinitely many symbols 5, then x is a 4-branch point.
(iii) If x has more than one coding, then x is a 2-branch point.
Proof. (i) Clearly if the coding of x does not contains the symbol 5, then x is a 1-branch point, namely, x is a top of F 9 (see Figure 6 ). Indeed, we can show by induction that if we delete the cylinder set (F 9 ) i 1 ···i k from F 9 , then the resulting set is still connected. Hence x is a 1-branch point by Lemma 3.8. Now suppose that i 1 i 2 · · · does contains symbol 5, say i k is the last 5 and i j belongs to {1, 2, 3, 4} for all j > k. Then x is a top of the set (F 9 ) i 1 ···i k . If x is not a top of F 9 , then x must belong to another cylinder set, which means x has more than one coding.
(ii) If i 1 i 2 · · · contains infinitely many symbols 5, suppose i k = 5. Let U = (F 9 ) i 1 ···i k . Since (F 9 ) i 1 ···i k−1 \ U consists of four connected components and U does not intersect other cylinder sets of F 9 , we conclude that F 9 \U has only four connected components. Therefore x is a 4-branch point.
(iii) If x has more than one coding, then x must be the common top of two cylinder sets, and it is a 2-branch point.
By applying the two lemmas above, as a consequence, we have the following main result which also ends the proof of Theorem 1.2.
Theorem 3.11. F 6 and F 9 are not homeomorphic, hence are not Lipschitz equivalent.
Due to the complex structure of general augmented trees, it is hard to use Theorem 3.1 to verify whether F 13 F 14 F 17 F 18 and F 20 F 21 are true or not. But we conjecture they are all true.
For the cases of F 3,6 , F 3,7 and F 3,8 , by Theorem 2.7, there are no totally disconnected fractal squares among them. To conclude, we summarize the topological classifications as follows: up to congruence, F 3,6 contains 16 kinds of fractal squares of which 6 kinds are disconnected and 10 kinds are connected; F 3,7 contains 8 kinds of connected fractal squares; and 
